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Abstract. In this paper, we study the regularity of weak solutions 
and subsolutions of second-order elliptic equations having a gradient 
term with superquadratic growth. We show that, under appropriate 
integrability conditions on the data, all weak subsolutions in a bounded 
and regular open set SI are Holder-continuous up to the boundary of 
SI. Some local and global summability results are also presented. The 
main feature of this kind of problems is that the gradient term, not the 
principal part of the operator, is responsible for the regularity. 



1. Introduction and main results 

Recently, several papers have investigated the regularity of solutions of 
second order (possibly degenerate) equations containing first order terms 
with superquadratic growth in the gradient. Firstly, motivated by stochastic 
control problems, in [8] the authors considered fully nonlinear equations 
whose simplest example is the viscous Hamilton-Jacobi equation 

(1.1) - tr (A(x)D 2 u) + A u + \Du\ p = f(x) , x e tt 

m an open bounded set O C IR^, N > 2, where A is a continuous nonnega- 
tive NxN symmetric matrix, f(x) is continuous and A > 0. The main result 
proved in [8] states that, when p > 2, any bounded upper semi-continuous 
viscosity subsolution of f)l . 1 f) is Holder continuous in (under some regu- 
larity of <9f2) of exponent a = with estimates depending only on the 
L°°-norm of A(x) and f(x). 

This result shows two striking effects of the superquadratic growth of the 
Hamiltonian; one is that the Holder regularity holds for merely subsolu- 
tions, which is unusual for second order problems. Another one is that the 
regularity, and the corresponding estimate, carry over up to the boundary, 
which explains why the Dirichlet problem can be overdetermined for this 
kind of operators. This is a major difference with the case that first order 
terms have the so-called natural growth, meaning that they grow at most 
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quadratically with respect to the gradient (for this case see [3], [TO] and ref- 
erences therein). Otherwise, some peculiarities of the superquadratic case 
had been pointed out in the pioneering works [13], [IT], at least concerning 
properties of solutions. 

The regularity result of [8], mentioned before, was revisited in [2], where 
an interpretation was given in terms of state-constraint problems together 
with several possible applications. In the same time, the regularity of so- 
lutions for the corresponding evolution equations was investigated in [5], 
[4] and next in [7], [6], where Holder regularity and estimates of (viscosity) 
solutions were proved for several type of second order, possibly degener- 
ate, time-dependent operators (both local and nonlocal) with the common 
feature of a superquadratic coercive gradient dependent lower order term. 

The goal of our paper is to prove similar estimates and regularity results 
for stationary distributional solutions of second order, possibly degenerate, 
operators in divergence form. Since all previous works have concerned the 
framework of viscosity solutions, our results complement those cited above 
and show, once more, the generality of the Holder regularity induced by 
the superquadratic term. Let us stress that distributional solutions in this 
context are not unique (see the discussion in Remark 13. 2p . therefore the 
regularity proved in this class has a stronger flavour. Indeed, we show that 
similar results as those proved in [8] hold even in the weak context of dis- 
tributional solutions, for the divergence form structure, and if / belongs to 
a (larger) class of Lebesgue spaces. In order to be more precise, here is our 
main result. 

Theorem 1.1. Let Q be an open bounded and connected subset of R N hav- 
ing Lipschitz boundary and satisfying the uniform interior sphere condition. 
Assume a(x,s,£) is Caratheodory function satisfying, for some (3 > 0, 

(1.2) \a(x,8,£)\<p(l + \Z\) V(s,£) GExE^, a.exECl. 

Let p > 2, A > and let f belong to L q (Q) for some q > — . Let u be a 

function in W^(Q) such that \u~ £ L q (Q), which satisfies, in the sense of 
distributions, the inequality 

(1.3) Xu+ \Vu\ p < div(o(x,«, Vu)) + f{x) intt. 

Then u is Holder continuous in Q (i.e., up to the boundary) and satisfies 

\u(x) — u(y)\ < K \x — y\ a , Vx,y££l, 

where a = min(l - 1 - ^-) and K depends on p, q, N, ft, tl, \\f\\ L i(n) 
and ||Aii~ \\ q . 

Theorem 11.11 is the natural extension of the main result proved in [U 
Thm 1.1]. We recover all the features mentioned before: the operator can 
be degenerate or not, since the estimate only depends on the L°°-bound of 
the field a, moreover the estimate holds up to 30 and, in particular, it is a 
universal estimate for positive solutions. Note also that the Holder exponent 
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a decreases according to q if / G L q (Q.) with q < — ^ — -, embedding the 

^Y-Holder regularity previously known into a more general scale. Let us 
mention that the possibility to obtain Holder estimates with unbounded 
data / had not been considered in the previous works except for the recent 
paper [6] for the solutions of evolution problems. 

The proof of our result is completely different than the one given in [8], 
obviously due to the different framework of distributional solutions rather 
than viscosity solutions. This gives an independent interest to our proof; 
indeed, the integral approach induced by the distributional formulation sug- 
gests a different, though yet natural, interpretation of the Holder regularity 
as an immediate consequence of a local Morrey-type inequality. The local 
Holder regularity of subsolutions, in terms of local summability of /, will 
then be proved in an elementary way. 

Theorem 1 1.1 1 is not the only result that we prove. Indeed, we will further 
prove several local and global different estimates, including the case where 
/ G L q oc (Q) with q < ^. In order to better clarify the local and global 
ingredients, the two aspects should be first considered separately, which is 
the way we have planned our presentation. However, it is important to stress 
that, for positive solutions, the local bounds extend to global ones without 
any information on the boundary values. In this respect, to mention a 
significant consequence of our estimates, we complement Theorem 11.11 with 
the following. 

Theorem 1.2. Let f2 satisfy the same assumptions as in Theorem [7771 
Assume let p > 2, A > and let f belong to L q {VL) for some q > ^. 

Let u G be a subsolution of (11 .3[> in the sense of distributions. 

Assume in addition that one of the two following conditions hold: 

(i) a{x,s,£) • £ > for every G IR x IR^, a.e. x G ft. 

(ii) u > in Q. 
Then u + G L°°(n) and 

\\ u+ h™(n) < M 
where M = M((3, q,p, N, \~\Sl, \\f\\ LHa) ). 

The global bound on u + given by the previous result extends a similar 
one proved in [TT] in case of the Laplace operator, in connection with the 
corresponding state constraint problem (see also [2]). On the other hand, 
the negative part of solutions can be estimated globally only if one controls 
the boundary data; we restrict ourselves to consider zero boundary data in 
that case. Such global estimates for the Dirichlet problem are the object of 
Section 5. 

Let us also note that, in order to keep the exposition simple, we have re- 
stricted our attention to the case where the second order operator has linear 
growth (that is, inequality (II. 2j) holds). However, all the results contained 
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in this article could be extended with little effort to the case where the op- 
erator has growth m — 1, with m > 1, that is, inequality (]1.2p is replaced 
by 

\a(x,s,£)\ < p(l + |«er _1 ) V(s,£) G IxE*, a.e 

provided the exponent p in the gradient term satisfies p > m. For in- 
stance, one could consider the following differential inequality involving the 
m-laplacian: 

An + |Vn| p < dw(\Vu\ m ~ 2 Vu) + f(x) in ft, 

with p > m. 



2. Notation 

Let VL be a bounded open set in IR^, N > 1. We will consider a differential 
inequality of the form 

(2.1) -div (a(i,«,V«)) + An + |Vn| p < /(x) in n , 

where a(x, : OxEx IR^ is a Caratheodory function (i.e., measurable 
in the first variable and continuous in the last two variables) such that 

(2.2) \a(x,s,0\<P(l + \t;\), /?>0. 

We also assume in (|2.ip that p > 2, A > (although in the last section 
we will also consider the case A < 0), and f(x) is a measurable function 
belonging to (fi), for some q > 1. 

Definition 2.1. We will say that u € W lo J? (fi) is a subsolution of (I2.ip in 
i/je sense of distributions if 

(2.3) / a(x, n, Vn) • Vy? fix + A / uipdx + / |Vn| p (/3(ix < / ftpdx 
Jn Jn Jn Jn 

for every ip G C~(fi), </? > 0. 

We define, for k > 0, the truncation function at levels ±k, that is, 

Tk(s) = max{min{s, k}, — k} . 

We will also denote by n + ,n~ the positive and negative parts of n, i.e., 

n + = max{n, 0} , u~ = max{— u, 0} . 

If q G (l,oo), we will denote by q' its Holder's conjugate exponent, that is, 
q' = -^-j-. If q G [1, N), we will denote by q* its Sobolev conjugate exponent, 

that is, q* = 
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3. Local and global Holder continuity 

The basic starting point of our analysis is the following estimate. 

Lemma 3.1. Assume ({2.2]) . let p > 2, A > 0, and let f belong to L q loc {Q) 
for some q > 1. Let u € (O) 6e a subsolution of (|2.ip in i/ie sense of 
distributions, such that Au~ £ L? (£1). Then, for every pair of concentric 
balls Bp C Br C Q, we have 

R N 



(R-pp 



(3.1) j \Vu\ p dx + \ ! u + dx<K 

J Bp J Bp 

where 7 = maxl^jP'} and K is a constant which depends on f3,p,q,N, 
diam(O), ||/ + \u~\\ Lq{BR} . 

Proof. Let C denote a generic constant, possibly depending on /?, N, p, 
q. Let 77 £ C 1 be a cut-off function such that < rj < 1, rj = 1 on S p , rj = 
outside 5r, and |Vr/| < Multiplying (]2.ip by n 2 and integrating by 

parts we have 

/ I \7u\ p r) 2 dx + A / urf dx < I f rj 1 dx — 2 1 a(x,u,Vu) J \/ij r\ dx 
Jn Jn Jn Jn 

which yields, using (|2.2p . 

(3.2) 

/ \Vu\ p rj 2 dx+X / u + n 2 dx< / (/+Au~) r/ 2 <ix+2/3 / (l+|Vu|)»7 |Vf/| dx . 
Jn Jn Jn Jn 

Then the properties of rj and Young's inequality imply 

2/3/(1 + I V«|)t7 I V»y| dx 
Jn 

<o / |V«| P 7/ 2 cfcc + C [ r]\Vr]\dx + C [ r]^ \Vn\ p ' dx 
2 Jn Jn 

1 f 7?^ 

< - / |V< ?? 2 + C7 [diam(O)^- 1 + 1] — . 

2 Jn (-R - p) p 

On the other hand, by Holder's inequality, 

/ (f + \ U -) v 2 dx< HZ + AtOI^B^Iflfll 1 -? <C\\f + \ U -\\ Lg{BR) R 
Jn 

Therefore, (|3.2p implies 
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|Vu| p (fa; + A / u+dx < C\\f + Xu-\\ Lq{BR) R N ~^ 

R N 



+ C [dian^f'" 1 + 1] 
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In particular, we deduce (13. ip . ■ 

The main consequence of estimate (|3.ip is the local Holder continuity of 
u. In the proof below, we also give a (uniform) estimate for the Holder 
seminorm on any ball B C f2. 

Theorem 3.1. Assume \2.2\) , let p > 2, A > 0, and let f belong to L q (£l) 
for some q > y. Let u £ W^(fl) be such that Xu~ 6 L q (Q) and such that 
the inequality \2. 1\) holds in the sense of distributions. 
Then u is locally Holder continuous and satisfies, for every ball Be!], 

\u(x) — u(y)\ < K \x — y\ a , Vx,y £ B , 

where a = min(l — 1 — ^ry) and K depends only on p, q, N , (3, diam(Q) 
and ||/ + Xu~\\ Lq ^y 

Proof. 

Step 1. Let xq € f2 and B t {xq) be a ball such that I^r^o) C fi. It 
follows from Lemma 13.11 that 

I | Vu| p dx < K r N ~ J , 

where 7 = max^,;/) and K depends on p, q, N, (3, diam(J7) and ||/ + 
Xu~\\ L q(n)- Since we have 

J \Vu\dx< ( I \Vu\ p dxY l^r-C^o)! 1 "^ 

J Br \J Br / 

we deduce that u satisfies, for some different constant still denoted by K, 

(3.3) / \Vu\dx < K r N ~v . 

J B r 

In particular, if Br is any ball such that B2R C O, the same property will 
be enjoyed by any other ball B r contained in Br, so that fj3.3[) will hold 
for every B r C Br. By Theorem 7.19 in [9] we conclude that u is Holder 
continuous in Br with exponent a = 1 — ^ = min(l — 1 — ^zj) and 

(3.4) \u(x) -u(y)\ < K\x-y\ a 

for every x,y € Br. In particular, we have obtained that (13. 4p holds /or 
any couple of points x, y which belong to some ball Br such that B<ir C f2. 

Step 2. Let now B = Br(xq) be any ball such that B C O. We are 
going to prove that (|3.4p holds for every x, y £ B with a (possibly different) 
constant independent on B. 

Consider first the case when x and y lie on the same ray, say x = xq + s o~q 
and y = xo + to~o for some o~o such that |o"o| = 1 and some real numbers 
s, t with, say, s > t. Take the sequence of points z n = x — 4pr o"o> so that 
zo = y and z n — > x. It is not difficult to realize that we can apply (|3.4p to 
any couple of points z n , z n -\; indeed, these two points belong to the ball 
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B\ Zn - Zn _ 1 | + ^n+Zn-i ^ ^icjj has center the mid-point Zn+Zn - 1 and radius 

equal to \ Zn ~ Zn -^ + e = + e l and the same ball of twice a radius is still 
contained in B for e small enough. Therefore we have 

\u(z n ) - u(z n -i)\ < K\z n - z n _i\ a Vn > 1 , 
hence, recalling that \z n — z n -\\ = = ^ 2 ~^ we get 

71 n 1 

- u(y)| < ^2 \ u ( z k) ~ u(z k -i)\ < K \ x ~ y\°^2 2^ ' 
k=l k=l 

which implies, when n — > oo (we use here the continuity of u, which is 
consequence of Step 1) 

K 

\u(x) - u{y)\ < - _ |x - y| Q . 

iVou; to/ce any x, y £ B. We denote by d(x), d(y) the distance of the two 
points to the boundary of the ball, and by R the radius. In view of (|3.4p . it 
is enough to discuss the case when d(x),d(y) < ^. 

Moreover, observe that, if max{<i(x), d(y)} > § \x — y|, we can also apply 
(|3.4p to x, y. Indeed, we have x, y € B \ x - y \ (^ft) and in this case the ball 

2 

with double radius, which is must be contained in 1? (since 



max(d(x),d(y)) < d(^) + ^ 



We are left with the case that max(d(x) , d(y)) < 4|x — y\; then consider 
two points x, y such that x = x — du(x) and y = y — dv{y) with d = 
min(^, 1 1 x — y\) and u(x) = yfEf^j- We first claim that (|3.4|) applies to x, 
y: indeed, we have 

d{x) = d(x) + d , eZ(y) = d(y) + d , |x — y | < |x — y| . 

Now, if d = ||x — y|, this means that 

3 3 

max(d(x),d(y)) > -jx - y| > -|x - y| 

and we are in the preceding case, while if d = 5 this means that both x and 
y belong to Br and again (13. 4p can be applied. Therefore in any case we 

2 

can use (|3.4p to get 

\u(x) - u(y)\ < K \x — y\ a < K \x — y\ a . 
On the other hand, for points which are on the same rays we have 

\u(x) - u(x)\ < K \x - x\ a < — ^— (-) a \x - y\ a , 

and so 
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Therefore we conclude 

IK 3 

Hx) - u(y)\ < {-r \x -y\ a + K\x- y\ a = K\x - y\ a 

for K = ( T= |^ + l)K. m 

We immediately deduce 

Proof of Theorem 11.11 The proof follows from Theorem 13.11 applying 
Lemma 2.6 in [8]. ■ 

Remark 3.1. The estimate (I3.ip holds true under the weaker assumption 
l — 

that / + Xu~ € C ' i (SI), i.e. the Morrey space of functions g such that 
\g\ < C r N ^ for every ball B r C SI. 

As a consequence, the conclusion of Theorem 13.11 and Theorem 11.11 hold true 
in this more general case. Notice that every g € L q (ST) clearly satisfies the 
above estimate after Holder's inequality. 

Remark 3.2. The result of Theorem 1 1.1 1 is optimal as far as the Holder reg- 
ularity of u is concerned. Similarly as in [8], one can observe such optimality 
through the simplest example, namely taking a(x, s, £) = £ and u{x) = \x\ a . 
If we fix q such that ^ < q < y, and a = 1 — then u satisfies (|2.ip 

l — 

for some / belonging to the Morrey space C ' « (SI), showing that the Holder 
class (of order 1 — — ) cannot be improved. With a slight variation the same 
can be done with / in a Lebesgue space, taking e.g. u(x) = \x\ a \ In |x|| 7 for 
some 7 suitably chosen; in this case u satisfies (I2.ip with / £ L q (Sl), showing 
again that the exponent of the Holder regularity cannot be improved. 

When q > y, the subsolutions will belong to C a (Sl) with a = yry- In 
this case an example of the optimality of Theorem 1 1 . 1 1 can be obtained even 

p-2 

with / = 0. Indeed, one can take u(x) = codx^- 1 — 1) which, for a suitable 
choice of cq, satisfies (in distributional sense) 



(3.5) 



J -Au+\Vu\p = in SI 

\ue W^' p (Si) 

where SI = Bx(Q). 

It is worth noticing, in this example, that u is a distributional solution 
of the equation, and not only a subsolution. On one hand, the regularity is 
therefore optimal even in the class of distributional solutions. On the other 
hand, observe that the uniqueness fails even for bounded, Holder continuous 
distributional solutions. On the contrary, the above function u(x) is not a 
viscosity solution of (|3 .51) (it does not satisfy the condition of supersolution at 
the point x = 0). This is consistent with the uniqueness of viscosity solutions 
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(see [2]). It is interesting to observe that uniqueness really depends here on 
the formulation (viscosity rather than distributional) within the same class 
of Holder continuous functions. 



Remark 3.3. It is easy to check that, in Theorems 11.11 and 13 . 1 (. a datum in 
divergence form can be added, without any substantial change in the proof. 
More precisely, if we assume that the vector valued function a satisfies, 
instead of (jl.2p . the weaker condition 



(3.6) \a(x,s,0\<g(x) + m, 

where /3 > and 

N 



(3.7) g{x) e L a (n),with a > 



p — 1 

then the statements of Theorems 11.11 and 13.11 remain the same, with 

, N N+a 1 
a = 1 — max — 



pq pa p — 1 



4. Local regularity in Lebesgue spaces 

In this section, we turn our attention to estimate the local norm of u 
rather than its oscillation. Of course this makes sense only in the case A > 
(if A = 0, p. II) may be invariant by adding a constant to u). We start with 
the case where the datum / belongs to L^ oc (Sl), with q below the critical 

value — . 

v 

Theorem 4.1. Assume \2.S\) . let2<p<N,X>0 and let f belong to 

Lf oc (Cl) for some q < Let u 6 W^(Q) be a subsolution of (]2.ip in the 

sense of distributions. Then u + € L s loc {VL) with s = j^jL - Moreover, for 
every pair of concentric balls B p C Br C £1, we have 

(4-1) \\u + \\ Ls{Bp) <K 

where K depends on (3,p, q, N, A -1 , p, R, \\f\\Li(B R )7 ll' u ~'~llL 1 (_B fl ) and , if 1 < 
1 < n[p-~2)+ p it depends on |||Vn + ||| LP ( Bfl ) as well. 

Proof. Let C denote a generic constant, possibly depending on (3, N, p, 
q. Let us take a cut-off function r] € C£°(Bji) such that < 77 < 1, 77 = 1 
on Bp, \Vrj\ < We start by assuming that q > jy^f^ 2)+p • ^ or 7i Q > 

(to be chosen below, depending only on p,q,N), we take (p = T] t {u + ) lp r] 0ip 
as test function in (|2.3p . Notice that the test function vanishes on the set 
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where u < 0. We obtain 

f \Vu\ p T k (u + y p r] ap dx + A f u + T k (u + y p r] ap dx 
Jn Jn 

<C f (1 + |Vu[) \Vu + \T k {u + )"t p - 1 i 1 ap dx 

(4.2) Ja 

+C / {l + \Vu\)\Vr]\T k (u + y iP r} ap - 1 dx 
Jn 

+ I \f\T k ( U + n ap dx , 

Jn 

where the constant C depends on p, q, N. Using Young's inequality, we 
estimate 

I {l + lVuDlVu+lniu+^-^^dxKe I \Vu\ p T k (u + n ap dx 
Jn Jn 

+ C £ [ T k {u + y p - p 'rf p dx + C £ [ T k {u + ) lp -^r, ap dx. 
Jn Jn 

We will check later that 7 satisfies 7 > provided q > jv^^2)+p • Then, 

since < 7p ^ < jp — p' < jp + 1, we use Young's inequality once more, 

to obtain 



(4.3) 



f (I + \Vu\)\Vu + \T k {u + y p - 1 r ] ap dx < e [ \Vu\ p T k (u + y p if p dx 
Jn Jn 

+e [ T k (u + y p+1 if p dx + C £ \B R \. 
Jn 

Similarly, we estimate 

/ (1 + |Vu|) \Vri\T k (u + )T p T l ap - 1 dx 
Jn 

<e I T k {u + y p+1 if p dx + C £ f \VrjP P+1 rj ap -^ p+1 Ux 
Jn Jn 

+ e [ \Vu\ p T k {u + y p T] ap dx + C £ [ |V??| p 'r fc (n + ) 7 V P " P '^ 
Jn Jn 

and using again, in the last integral, Young's inequality with exponent jp+1, 
we get 



(1 + I Vu|) |Vry| T k {u + y p r] ap - 1 dx 

1 

(4.4) <e f T k (u + y p+1 rj ap dx + e [ \Vu\ p T k (u + y p r] ap dx 
Jn Jn 

+C £ ( \Vr]p p+1 r] ap -^ p+1 Ux + C £ [ \\7r]\ p '^ p+1 ^r] ap - p '^ p+1 Ux . 
Jn Jn 
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If we choose e small and a sufficiently large, so that ap > p'i^ip + 1) > 
(7P + 1), using (f43l) and (|4~4|) we deduce from (j42j) : 



(4.5) 



- / |Vn| p T fc (u+)^V p ^+ - / u + T k (u + )^ p rj ap dx 
2 Jn 2 Jn 

<C(p,R,\~ 1 )+ I \f\T k {u + )^dx 
Jn 



where C(p,R,X 1 ) depends now on p, R and A 1 as well. We now use 
Sobolev's inequality, which yields 



(4.6) Un 



p 

( [ \T k {u + y +l r, a f dxY <C [ \V{T k (u + y +1 r, a )\ p dx 
\Jn / Jn 

<C ( \X7u\ p T k (u + yi p r] ap dx + C I T k (u + )^ +1 *> p \ Vr]\ p t/"" 1 ^ dx 
Jn Jn 

By interpolation, since 1 < (7 + l)p < (7 + l)p* , we get 
T k (u + )^ + ^ p \Vri\ p V ( a -V p dx < 

[ T k (u + )^ + V p * rj ap * dx] ( f r fc (n+)|Vr ? |T^ 77 ^ "l-?"*" dx] 
Jn J \Jn ) 



where (7 + l)p = #(7 + l)p* + 1-0, i.e. 

. (7 + l)p - 1 



(7 + l)p* - 1 



Note that 9 < -4-, in particular (a — l)p — ap*9 > provided a is sufficiently 
large. We deduce that, using Young's inequality, 

T k {u + p +l)p \Vi 1 \ p ii a ~ 1)p dx 



n 



P 

< e (J T k (u + )^ p %f p * dx^j P * + C £ (p, R, \\u + \\ l i {Br) ) 
and therefore (|4.6p implies, for a suitable choice of e, 



\T k (u + y +1 ri a \ p dx 

<C [ \Vu\ p T k (u + r p ri ap dx + C(p,R,\\u + \\ L1{BR) ) 
Jn 
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Then, we obtain from (|4.5p 

\T k (u + y /+l V a f dx) P * +A f u + T k (u + ) rp if p dx 

<C( P ,R,\~\\\u + \\ lHBr) )+ [ \f\T k (u + y p V ap dx 

Jn 

which yields, using Holder's inequality in the right-hand side, 



\T k (u + y +1 if\ p dx) +A / u + T k (u + y p r] ap dx 



< C(p,R,X-\ \\u+\\ l1{Br) ) + \\f\\ Lq{BR) ^ T k (u+)^rfrtd^ 



Now we choose 7 so that (7 + l)p* = jpq 1 , i.e. 

N(q - 1) 

7 ~ 



N -pq 

N 

s ? q v. 

N(p-l) 



Note that 7 > <^=^ q'p > p* q < — , and that the condition 



7 > ^2 i s equivalent to q > N ^_ 2 )+ p • We a ^ so nave > hence 
T k (u + )t pq 'ri apq ' dx^J 7 < (^j \T k (u + y +l ri a \ p * dx^j 7 



and since < ^ and s = ^f^ g = (7 + letting A; — > 00 we conclude 

with the estimate 

\\u + \\l*(b p ) < K , 
where K = K (/3,p, q, N, p, R, A -1 , \\f\\ LH B R ), \W + \\l^(b r )) • 

In order to deal with the whole range of values of q, including q < 
N ( p ~ 1 ^ we slightly modify the above argument. We take now ip = [(1 + 



N(p-2)+p 

T k (u + )) 1P — l]r] ap as test function in (|2.3p . and we get 
(4.7) ' 



I \Vu\ p [{l + T k {u + )y p -l]r] ap dx + X I u + [{l + T k {u + )yi p -l]r] ap dx 
Jn Jn 

<C [ (l + \Vu\)\Vu + \(l + T k (u + )y p - l r] ap dx 
Jn 

+C [ {l + \Vu\)\Vr 1 \{l + T k {u + ))"' p r] ap - 1 dx 
Jn 

+ [ \f\(l + T k (u+))™rf*dx. 
Jn 
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We estimate now the first term in the right-hand side as 

f (l+|Vn|)|Vn+|(l+T A; (n + ))^- 1 77 a Pdx<e f \Vu\ p {l+T k {u + ))~ iP r, ap dx 
Jn io 

+ C £ [ (1 + T k (u + )yP-P' V a P dx + C £ I (1 + T fc ( U +)) 7p -^<P dx 
Jn Jn 

<e f \Vu\ p (l + T k (u + )y p r] ap dx + C £ [ (l + T k (u + )y p i] ap dx, 
Jn Jn 

obtaining then, after Young's inequality, 
(4.8) 

I (l + |Vu|)tVu + |(l + T fc (u + ))^" 1 r ? ap ^<£ f \Vu\ p (I + T k {u + )y p r, ap dx 
Jn Jn 

+e [ T k (u + y p+1 r ] ap dx + C £ \B R \ . 
Jn 

The second term in the right-hand side of ()4.7p is dealt with in a similar 
way as in the previous case. Then we obtain the inequality 



\ f \Vu\ p (l + T k (u + )r P r ] ap dx + ^ [ u+(l + T fc (u + ))^ ? 
1 Jn 1 Jn 

<C(p,R,X~ 1 )+ [ IfKl + nin^y^dx 
Jn 



dx 



+ ( \Vu + \ p 7] ap dx + A ( 
Jn Jn 



u i] ap dx . 

n 



Henceforth, we proceed as before, using Sobolev's inequality in the left- 
hand side and Holder's inequality in the term with /. With the choice 
(7 + l)p* = jpq' made before, we obtain therefore 



f \T k {u + y +1 j] a f dx)" +A f uT k (u + y p r, ap dx 
Jn J Jn 

<C(p,R,\- l ,\\u + \\ L i {BR) ) + \\f\\ LHBR) nT k (u+)^ p *r,<*v* dxY 

+ \\f\\v-(B R ) + I \Vu + \ p r] ap dx + X [ u + rf p dx. 
Jn Jn 

Letting k go to infinity, we conclude with the estimate 

\\u + \\ L s( Bp ) < K , 

where K = K (f3,p, q, N, p, R, A" 1 , ||/||z,?(b k ), \\u + \\ l i { b r ), \\\^ u+ \\\lp(b r ))- 
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Remark 4.1. We can always estimate the Z^-norm of u + in terms of the 
L 1 -norm of |Vu + | p . Indeed, taking <p = Ti(u + )rj 2 as test function, and using 
(|2.2p . we have 

f \Vu\ p T 1 (u + )r i 2 dx + A f u + T 1 (u + )r] 2 dx < [ \f\T 1 (u + )r ] 2 dx 
Jn Jn Jn 

+P [ (1 + |Vn|)|VTi(n + )|?7 2 dx + 2/3 / (1 + |Vuj)Ti(u + )|V7?j rjdx 
Jn Jn 

which yields, by Young's inequality 

- f \Vu\ p T l (u + )r ] 2 dx + A f u + Ti{u + )rf dx < [ \f\rj 2 dx 
2 Jn Jn Jn 

+C [ |Vu+|V dx + C [ \Vr]\ p 'dx + C. 
Jn Jn 

Then we deduce 

\W + \\ LHBp) < a(/9, p, JV, A -1 , />, 12, || 1 Vtt + 1 IliPCB,,)) - 

In particular, since the choice of balls is arbitrary, we deduce that esti- 
mate (|4.1|) holds true, for every q < — , with a constant only depending on 
| |V'U + | \\ip(b r ) (beyond the usual parameters and constants). 

Remark 4.2. If p > N, a similar result can be obtained with s being any 
value such that s > 1. Indeed, in this case we use Sobolev embedding of 
Wq' p (Q,) into L r (Q.) which holds for every r > 1. By proceeding as in the 
above proof (replacing p* with a generic r > 1) we obtain the estimate for 
every possible s > 1 with a constant K depending on s as well. 

Remark 4.3. One can also treat the case where a datum in divergence 
form is present. More precisely, if we assume that the vector- valued function 
a(x,s,£) satisfies (j3.6[) . with 

g(x)£Ll c (n), a 



N — q 

then it is easy to check that Theorem 14.11 continues to hold true, with the 
bound K depending also on ||5||l<t(b h ). 

We now prove an estimate of the local L°°-norm of u. 

Theorem 4.2. Assume < TE1) . let p > 2, A > 0, and let f belong to L q loc (U) 
for some q > Let u G W^ p (^}) be a subsolution of (|2.ip in the sense of 
distributions. Then we have u + G L^ c (£l) and, for every pair of concentric 
balls Bp C Br C f2 ; we have 

(4-9) \\u + \\ L ~ {Br) <K 

where K = K (f3,p,q,N, A^ 1 ,/),^, \\f\\ L i(B R ), \\ u+ \\l^(b r )) ■ 
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Proof. First of all, observe that, by the previous result, u belongs to 
Lf (fl) for all s < oo, and that an estimate like (14. ip holds in terms of 
the L 1 norm of u + in a slightly larger ball. Moreover, by the usual inclu- 
sions between Lebesgue spaces, one can always suppose that 

N N 
4.10 -<q<~. 

p p 

Let us take <p = v£~ k 2 r\ pa as test function in (|2.3p , where 

Vh,k = T h _ k (G k (u + )) 

with Gfe(s) = s — Tfc(s), h > k > 0, a > to be fixed later. As before, 
we denote by rj a cut-off function, rj € C£°(Br), < rj < 1, rj = 1 on B p , 
\Vrj\ < C (R - p)~ x . In the following we set 

A(k, R) = {x G £ fl : u(x) > k} . 

Since Vh,k = in O \ i?) we get 

/ |Vii| p u^J7 ap dx + A / uvf^rj ap dx 
JA(k,R) ' J A(k,R) 

(4.11) <C f {l + \Vu\)\Vu + \vf^r] ap dx 

JA(k,R) 

+C f (l + \Vu\)\Vri\vfj?r l ap - 1 dx+ f \f\vf^rf p dx 

JA{k,R) ' JA(k,R) 

Let us estimate the two terms in the second line above. By Young's inequal- 
ity, we have 

2 



I {l + \Vu\)\Vu + \v[- k 2 r] ap dx 

JA(k,R) 

<e I \Vu\ p vf^r, ap dx+C e [ v^ p ~ 1] if p dx+C £ [ rj ap dx . 

JA(k,R) JA(k,R) ' J A 



' A(k,R) JA(k,R) JA(k,R) 

Since Vfi t k < u+ and ( p _2) P ( p -i) < 1 + ^r^i using Young's inequality once 
more, one obtains 



I (1 + |V«|) \Vu + \vll 2 ri ap dx < 

JA(k,R) 

<e [ \Vu\ p vf^r] ap dx + e I uvjf^ 1 rf p dx + C £ [ rf p dx . 

J A(k,R) ' J A(k,R) ' JA{k,R) 
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Similarly, we estimate 



A(k,R) 



(l + IVnDiv??!^ 2 ^- 1 ^ 



v Vk +1 *f* dx + C £ [ |Vr/| 1+ ^ ^P" 1 -^ dx 

' A(k,R) ' J A(k,R) 



+ e I | Vu \ p v p h ~ 2 rf p dx + C £ | Vr? \ p v p h 2 rf p ~ p dx . 

' A(k,R) ' JA(k,R) 

Using Young's inequality again in the last term with exponent -^s + 1 and 



using Vh k <u + we obtain 



A(k,R) 
< £ 



(l + IVnDiv??!^ 2 ^- 1 ^ 



uv hk 2> if* dx + C £ I |Vr?| 1+ ^ v ap ~ 1 ~^2 dx 

A(k,R) ' JA(k,R) 



+ e [ |Vu|X" fc V P dx + C £ [ \Vri\ 

JA(k,R) JA(k,R) 



Choosing e suitably, we deduce from the above inequalities and (|4.1ip 



\Vu\ p v£- k 2 r] ap dx + A / uv p h - 2 r] ap dx 

A(k,R) ' J A(k,R) 



(4.12) 



< C / rj ap dx + C 

' A(k,R) JA{k,R) 



2(p-l) 2(p-l) 

|Vr;| p~ 2 rj ap p~ 2 dx 



+C 



>A(k,R) 

Since Sobolev's inequality implied 



\Vr]\p- 2 rf p p 2 - 2 dx + 



\f\v£ 2 V ap dx. 



A(k,R) 



< c 



dx 



p(p-i) 



c[ \S/u\ p vf 2 rj ap dx + C I v h p k 2 rj ap - p \V7]\ p dx , 
JA{k,R) ' JA{k,R) ' 



^Here we suppose p < N, otherwise one can replace p* with a conveniently high 
exponent. 
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we deduce from ([4.121) 



p-i 

p— 2 a 

v lk v 



+c 



dx 



(4.13) 



A(k,R) 



v 

P * <C [ r) ap dx 
JA(k,R) 

2(p-l) 2(p-l) 



2p 2p 

|Vr/|p- 2 r7 p p- 2 dx + 



+ 



A(fc,_R) 
p(p-i) 



\f\vrtrf*dx 



A(k,R) 



v hk 2 r] ap - p \Vr]\ p dx 



Observing that | + < 1, and using Holder's inequality with exponents 
p* 1 



(q, y, tzh:") we have 



A(k,R) 



\fKi 2 v ap dx 



< 



LHB R )[ j^^dx 



a(p—p') ^ v , , j 
Tj 'p*-q'p' dx 



J__P 

q' p^ 



A(k,R) 



which implies, after Young's inequality with exponent p — 1, 



p- 1 . 



JA{k,R) \Jn 



+ C £ 



p-i 

P-2 

LHBr) 



A(k,R) 



T] >p*-q'p> d x 



j 1 P \ P-1 
^7" p*'p-2 



Similarly, we estimate, for every s > 1: 



A(k,R) 



v'hV V ap ~ P \Vv\ p dx 



< 



P s(p-l) 



P-2 



A(fc,R) 



J h,k 



dx 



A(k,R) 



rj( ap - p >' \Vrj\ ps ' dx 
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We deduce then from (14.130 



p-i \p 
<fcV) dx 



< C 



r, ap dx 



+ C 



2(P-1) 



>A(k,R) 
2(p-i) 



A(k,R) 



|Vry| p- 2 r\ v p- 2 dx + C 



A(k,R) 



2p 2p 



p-i 

p-2 



a(p—p') 2 V I I j 
7] P -I P dx 



1 1 j/_ \ p— l 

'j 7 p* ' p-2 



A(k,R) 



p(p-i) 

, ll II p— 2 

' \\ v h,k\\ sp(p-i) 



i P-' 2 (Br) \JA{k,R) 



] {ap - p)s '\Vr]\ ps ' dx 



We take a > max(l, A), and in the right-hand side we use that r\ < 1 and 



|Vt/| < and since u^fe < u + we obtain 



p-i \P 



<C|A(fc,.R)| 1 + 



+ 



2(p-l) 1 2p 

(R-p)*-2 {R-p)p- 2 



p-i 

-2 



1 _ p \p-l 



+ ll/ll£^)l^ jR )l (7 "^ ) ^ + 



p(p-i) 

,+ n p-2 

ps(p-l) 



l ^ (Br) (R-p)p 



\A(k,R)\v. 



Since \A(k, R)\ is bounded and R — p < R, we take ,u = max(p, and we 
choose suitably the value of s > 1 in order to deduce 



p-i \ p 



u fc.fc ^ 



< K 



I 1 p N £-1 

|yl(fc,i?)|V 

(i? " /=>)" 



p-i 

p-2 



where depends on R, ||/||£,( B 



p(p-i) 

,+n p-2 

1 II ps(p-l) 

L P~ 2 (Br) 



Recall that r\ = 1 on B p , hence we have, for any h > k, 



dx > 



A(k,p) 



> 



A(h, P ) 



v^Pdx > (h-kf^ 2 \A(h,p)\ 



and therefore we conclude 



p* 1 1 p -i p-i 

M(Mi<jrfJ4*' fl)l F 



(/t- fc) p *H( J R- / o) /l2 p 1 



Here is where we use the assumption q < N/p' . 
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One can check that 

p* , 1 v'n — 1 N 

- {---* Y—Z >l ^ q>- 
p q' p* p — 2 p 

and we conclude applying the following Lemma (see Lemma 5.1 in |15|): 

Lemma 4.1. Let (p(h,p) : [0,+oo) x [0, R) be a function which is non- 
increasing with respect to h, nondecreasing with respect to p. Moreover, 
suppose that there exist Kq > 0,r > 1, and C,a,5 > such that 

p(M< {h °knR- P y > vh>k> Ko , v P €M. 

Then for every s G (0, 1), there exists d > such that 

ip(K + d, sR) = 0, 

w/iere 

s 5 



\r-l 



Remark 4.4. If q > ^ similar local estimates are obtained in |12| . even if for 
solutions rather than subsolutions. Note that — < so that the previous 
estimate is stronger and really exploits the superquadratic dependence of 
the nonlinearity. 



Remark 4.5. Again we observe that the result of Theorem 14.21 is still true 
if a(x,s,£) verifies condition (|3.6|) with g G L° oc (il), a > ^y. 

Gathering together the above estimates with Lemma |3.1| we deduce uni- 
versal estimates for positive subsolutions. 

Corollary 4.1. Assume i2.2\) , let 2 < p, A > and let f belong to L g loc (Q) 
for some q > 1. Let u G W,'^(Q) be a subsolution of (|2.ip in the sense of 
distributions. Then, for every pair of concentric balls B p C Br C f2, we 
have: 

lu+n .„.•«,„_ JV£2_ 

(4.14) 



if<l<j, \\u + \\ L s( Bp) < K withs-jj^. 



tfq > 7^ ll« IIl°°(b p ) < # 

where K depends on /3,q,p, N, A -1 , /0, R,\\f\\Li(B R ) and on \\Xu~\\ L if BR y 

In particular, assume that u > 0; then \4-14\) ZioW wii/i a constant K 
independent of u and moreover, if q > — and f G L q (Q), we have 

IMlL°°(fi) < M 
where M = M(/3, q,p, N, A -1 , 17, ||/||l<j(c))- 

Proof. The form of estimates (|4.14p follows from Theorem 14.11 and Theo- 
rem U?2] on account of Lemma |3 . 1 1 which allows to estimate u + and |Vti| p in 
L 1 in terms of u~ . 
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Last statement is a consequence of Theorem ll.il Indeed, a global bound 
on the oscillation of u and a local L°° bound, given by (14. 14f) . imply the 
desired global estimate. ■ 

Similarly, the estimates are universal in case of degenerate ellipticity. 

Corollary 4.2. Assume i2.2\) , let 2 < p, A > and let f belong to L q loc [p) 
for some q > 1. Let u G W,^ (O) be a subsolution of f)2. 1 1) in the sense of 
distributions. Assume in addition that 

(4.15) a(x,s,0 •£ > V(s, £) G H x JR N , a.e. x G O. 

ITien estimates $i4-14\ ) hold true with a constant K depending on f3,q,p, N, 
A" 1 , and \\f\\ L i(B R )- 

In addition, if f G L q (£l) with q > i/ien u + G L°°(f2) and 

||'« + || i0 o (n ) < M 

where M = M(/3, g,p, iV, A" 1 , f2, 

Proof. Choosing T £ (u + )rj as test function, where n is a nonnegative cut-off 
function, we get 

A / uT £ (u + )r]dx+ / \Vu\ p T £ (u + )r] dx < / fT £ (u + )ndx 
Jn Jn Jn 

— / a(x, u, Vu)Vr e (n + )n dx — / a(x,u,\/u)Vt]T £ (u + ) dx . 
Jn Jn 

Using (|4.15p we can drop a term in the right-hand side, hence 

A f uT £ (u + )i]dx+ [ \Wu\ p T £ (u + )i]dx 
Jn Jn 

< / fT £ (u + )ndx— / a(x,u,Vu)\7r]T £ (u + ) dx 
Jn Jn 

Dividing by e and letting e — > we deduce that 

A / u + rjdx+ I \SJu + \ p ndx< I \f\ndx— I a(x,u + ,Vn + )Vn dx 
Jn Jn Jn Jn 

where we used also that a(x, s, 0) = as a consequence of (|4.15p . The above 
inequality means that u + is a subsolution with right hand side | / 1 . Then we 
apply Corollary 14.11 to conclude. ■ 

Remark 4.6. It is possible to give a more precise form of the dependence on 
the parameter A of the estimates in this section, by taking care of the scaling 
of the equation with respect to A (namely, applying the above arguments to 
the function v = An). In particular, one can replace estimate (14. 1 p with 

min(A, l)||n + || Ls(jBp) < K 
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and, respectively, estimate (14. 9p with 

min(A, l)||u + || LO c (Bp) < K 
where K does not depend on A. The same holds for the estimates in Corol- 



lary HJ] and Corollary 14.21 

Remark 4.7. If (|4.15p holds true and there exist 7, L > such that 
H(x, u, Vit)sign(tt) > 7 |Vu| p for \u\ > L, 

and if 

Xu — div(a(x, u, Vtt)) + H (x, u, Vu) = / in Q, 

then we get similar estimates for both u + and u~ , proceeding as in Corollary 
14.21 In particular, if / € L q {VL) with q > — , we deduce a global universal 
bound < M (independent from the boundary behavior of u). 

5. Global regularity for the Dirichlet problem 

We turn to the Dirichlet problem, that is, we assume that the subsolution 
u belongs to the space Ty i,p (O), In this case, we find global summability 
or regularity, depending on the summability of the datum /. We stress the 
fact that, in the next two results, A can be any real number. 

5.1. Global L s -regularity. 



Theorem 5.1. Assume (12.2p . let 2 < p < N, A G IR and let f belong to 
L q (Q) for some q such that 

N 

(5.1) l<g<— • 

p 

Let u £ V^Q ,p (r2) be a subsolution of (|2.1|) in the sense of distributions. Then 

u S L s (£l), with s = ES— 

N — pq 

and 

(5.2) llull , <C, 

where the bound C depends on /3,p,N,q,\,\Sl\A\f\\^ in the case where 
jVQ3^2)+p — 1 ^ pT' w ^ e it a ^ so depends on the L p norm of \Vu\ in the case 
where l<q< jvg^fe - 

Proof. It is easy to see that (|2.3|) must be true for every ip € L°°(0) n 
Hq(Q). Let us start by assuming that 

/ \ N(p-1) N 

(5 ' 3) N( P 2)ip S '' < 7- 
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Np{q-1) 



Take ip = \T k {u)\ n ~pi and use ([22]) to obtain 



\Vu\ p \T k (u)\~^^T dx <C / \VT k {u)\ 2 \T k {u)p^T~ l dx 



Np(q-l) 



(5.4) 



Np(q-l) -. 

+ c / ^nuwmu^-^r- 1 dx 



+ |A| / |«||T fc («)| dx+ / |/||T fc (u)| w-w cte 



jVp(g-i) 



Here the constants C depend on the data of the problem but not on k (and 
may change from line to line). We now proceed to estimate the integrals in 
([53]). If we set 

f\t\ N(q-l) 

= / (T fc (s)) ds, 



then, using Sobolev's inequality, one obtains 



JVp(g-l) 

\Vu\ p \T k {u)\ n ~pi dx= \V<5> k (u)\ p dx 



(5.5) 



> C 



® k (u) p dx 



N-p 
N 



> c 



\T k {u)\ s dx 



N-p 

N 



On the other hand, by Young's and Holder's inequalities, we can write 



\VT k {u)\ 2 \T k {u) 



Np(q-l) 



N 



-pi dx 



Np(q-l) 

(5.6) < e I \Vu\p \T k (u)\^T dx + C £ 



[ m 



Np(q-l) p_ 

u )\ N — pq p-2 d x 



< e 



f Np(q-l) 

/ |Vu| p \T k (u)\ dx + C £ 

Jn 



\T k (u)\ s dx 



q—1 N — pq 
~q Nq(p-2) 



for arbitrary e > (note that the lower bound on q in (|5.3p ensures that 
Vp(g-i) _ _p_ 

N-pq p-2 



^Pkizll _ _j> > o). Similarly 



Np(q-l) 1 

|vr fc (u)||r fc (u)| 'dx 



JVp(g-i) 



iV>(g-l) p 



(5.7) <£/ |Vn| p |T fc (u)| n -p" dx + CeJ \T k (u)\ 1 

N V (q-D r r 

\T k (u)\ s dx 



Nplq-l) 

<e / \Vu\ p \T k (u)\ k-pi dx + C £ 



0—1 N — pq 

' ~1 JVo(p-l) 



Moreover, by Holder's inequality, 



Np(q-l) 

\u\ \T k (u)\ N ~p" dx <C 



it | |T fc (u)| n -pi ) 1+ Jv-p? 



n jVp(g-l) s 1 
V ' N — pq > s 
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Now, one can easily check that 



2:-! 



/ Np(q-l) \ ' ; Np(q-l) „ 

(\u\\T k (u)\^^ry + ^^r <C<f> k (u) p , 



therefore 

(5.8) 
Finally 

(5.9) 



Np(q-l) 

\u\ \T k (u)\ n ~pi dx <C 



iVp(g-l) 

|/| \T k {u)\-^r dx < H/ll 



_ fl I W P (g-l) Nl 

> ~ N—pq 's 



Li(n) 



\T k {u)\ s dx 



Therefore, putting all the inequalities (|5.4|) - (|5.9|) together, we obtain 



X < cio [X 



q—1 N — pq 



■)- 



q— 1 N — pq \ N 



-PI 1 

2Vg(p-2) I N-p 4- X q Nq(p-l)- 1 N-p 



(5.10) 

where cio depends on /3, g, A, |J)|, ||/|| 



iV-p9 + iVp(cj-l) JV(q-l) 



£?(Q) 



and we have set 



X 



Np(q-l) 

\Vu\ p \T k (u)\ n ~pi dx. 



Since q < N/p, it is easy to check that all the four exponents in the right- 
hand side of (|5.10p are smaller than 1. This gives an estimate on X, therefore 
on \T k (u)\ s dx. The result follows by letting k go to infinity. 
In the case where 

N(p - 1) 
- Q< N{p -2)+p 
the above proof does not work. However, using 

Np(q-l) 

(l + |T fc («)|) -1 

as test function, with the same type of calculations as in the proof of The- 
orem it is easy to prove the same result, the only difference being that 
in this case the bound C in (|5.2p also depends on the L p norm of |Vu[. 



5.2. Global boundedness. We need the following lemma (see |14j): 

Lemma 5.1. Let <j) be a nonnegative, nonincreasing function defined on the 
half line [ko,oo). Suppose that there exist positive constants A, 7, 5, with 
5 > 1, such that 

for every h > k > k$. Then <p(k) = for every k>k\, where 
jfe 1 =Jfct, + A 1 /'r2*/(«-i)^(jfe )(«-i)/7. 
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Theorem 5.2. Assume ()2.2|) . let p > 2, A G H, and Zei / fre/on^ to L q (Q) 
for some q > Ze£ u G Wq' p (Q) be a subsolution of (12. ip m £/ie sense o/ 
distributions. Then u € L°°(r2) ; and 

(5.H) IMI L . (n) <W I p,J\r I g 1 A,||/|| i , (n)I |n|). 

Proof. By using the usual inclusions between Lebesgue spaces, one can 
always suppose that 

N N 
5.12 — <q < 

p p 

Moreover, by Theorem 15. 11 u € L s (£l) for every s > l(with norm depending 
on the data of the problem) , therefore we can put the term Xu in the equation 
with the datum /, and we can ignore it. It is easy to see that (|2.3|) is true 

for every ip G L°°(Q,) n H%(Q). We take <p = {G Kh {u))^ in §T3§, where 
h > k > 

Gh,k( s ) = T h-k{\s\ - fe)+ • 

Then we obtain 



l A, 



\Vu\ p (G kth (u))v-* dx 



<PjZ^\. (|Vn| 2 + |Vn|) (G kth (u))—*dx+ / |/[(G fc , h (tt))p-»dx, 



'A* 

where we have set 

4 = {i £ : \u(x)\ > k} 
Then, using Young' inequality, we obtain 



Vu\ p {G kth (u))p-i dx 
<l f \Vu\ p (G k , h (u))^ dx + a\A k \+ [ (\f\ + Cl )(G kih (u))^dx, 

2 JA k JA k 
where c\ = c\{j3,p). Therefore, if we set / = |/| + c±, we obtain 

f \Vu\ p (G k , h (u))^dx<C\A k \ + 2 [ f(G kth (u))£*dx. 

JA k JA k 
On the other hand, by Sobolev's inequality, 

p-l 



\Vu\ p (G k)h (u)) «■-» dx = C / | V(G fc ,h(«)) | p dx 



> C 



(p-i)p* 



(G fc , h («)) (ire 
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while 



f f {G kjh {u))p-* dx 



< 



l Li(fl) 



< £ 



(p-i)p* 

(G fc>h (u)) 



d.r 



A k 
-. p 



(p-i)p* 



p-i ( i p' \ p-i 

p-2 | J 4r,| V 7' P* ; p-2 



Therefore we have found that 



(p-i)p* 
{G k . h {u)) p- 2 dx 



P* / fl_f -| P-l 

<C7(U fc | + U fc |V p^p- 2 



/ 1 p' -I P-l 

<C AJV p* j p-2, 



where 



1 j/.p-l 
p* p — 2 



while C depends on /3, p, iV, 



L«(n)' 



In the last inequality we have used 



that 1 > r, which follows from the assumption (|5.12p . Since Gk,h{u) = h — k 
on Ah, one obtains 



(p-i)p p 



that is, 



p 



(p-i)p 
(/i - k) p-2 



|A fc | p . 



It is easy to check that — > 1, therefore we can apply Lemma 15.11 to 
4>(k) = \ Ak\. Note that, by the results of the previous section, u is estimated 
in L a (n) for every a < oo, therefore for a fixed k$ > \Ak \ can be estimated 
in terms of the data. ■ 



Remark 5.1. Note that this result is false if p < 2. Indeed, one may find 
unbounded distributional solutions even when / = 0, see pQ for the case 
p = 2, or [10] for the subquadratic case and a discussion of the bootstrap 
property for weak solutions. 

We also refer to Remark 13.21 for a simple example showing the optimality 
of Holder regularity for distributional solutions and, at the same time, that 
this regularity is not enough to yield uniqueness of distributional solutions 
of the Dirichlet problem. 
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